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The adhesive contact between a parabolic indenter with superimposed roughness and
an elastic half space is studied in the JKR-limit (infinitely small range of action of adhesive
forces) using the boundary element method with mesh-dependent detachment criterion
suggested in 2015. Three types of superimposed roughness are considered: one- and
two-dimensional waviness and randomly rough roughness. It is shown that in the case
of regular waviness, the character of adhesion is governed by the Johnson adhesion
parameter. For our randomly rough surfaces a new adhesion parameter has been
identified numerically, which uniquely determines the adhesive strength of the contact.
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INTRODUCTION
It is well-known that neutral bodies attract each other by van der Waals forces. However,
adhesive forces in macroscopic systems often are negligible. Kendall expressed this with his famous
statement “solids are expected to adhere; the question is to explain why they do not, rather than
why they do!” (Kendall, 2001). The reason for the weakness of adhesion in macroscopic contacts
is the roughness of surfaces. It is the roughness which prevents intimate contact on the atomic
scale (Fuller and Tabor, 1975; Luan and Robbins, 2005; Ciavarella, 2017). However, it was shown
both theoretically and experimentally that roughness sometimes can even enhance adhesion. Briggs
and Briscoe have observed that a small roughness increases the adhesion energy compared to
the smooth surface in the pull-off experiment of smooth rubber against a Perspex cylinder, but
large roughness can reduce the adhesion significantly (Briggs and Briscoe, 1977). The analysis of
a sphere with axially-symmetrical waviness studied by Guduru and numerically by Wu also shows
an increase in the adhesive force (Guduru, 2007; Wu, 2012).
The influence of simplified roughness in form of regular waviness on adhesion in the whole
range of roughness amplitudes from “very rough” to “practically smooth” was studied by Johnson
in 1995. He introduced a dimensionless parameter governing the adhesion behavior. He found
that above a critical value of this “Johnson parameter,” surfaces jump into complete contact even
at zero load (Johnson, 1995). This study was based on the solution of non-adhesive contact given
by Westergaard (1939) and the Griffith idea of energy balance as used in the original Johnson-
Kendall-Robert (JKR) theory for parabolic contacts (Johnson et al., 1971). In recent years a few
attempts have been undertaken to generalize this work of Johnson. Afferrante et al. proposed
an analytical solution for rough surfaces containing a series of superposed sinewaves defined by
the Weierstrass function (Afferrante et al., 2015). Persson and Scaraggi used a DMT-type model
(Derjaguin-Muller-Toporov) to study the effect of roughness on adhesion in DMT-limit (Persson
and Scaraggi, 2014). Ciavarella proposed a simple approach for rough adhesive contact, the so-
called bearing-area model (BAM) (Ciavarella, 2018a) and also an approximation in the JKR regime
(Ciavarella, 2018b). Numerically, the adhesion of rough surfaces has been studied using molecular
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dynamics (Pastewka and Robbins, 2014, 2016), finite element
method based on molecular dynamics (Eid et al., 2011),
Boundary Element Method (BEM) (Carbone et al., 2009; Joe
et al., 2017; Rey et al., 2017) and the method of non-linear
boundary integral equations (Galanov, 2011).
In the present paper we numerically study contacts of
parabolic bodies with superimposed roughness either in form of
a regular waviness or multi-scale roughness.We restrict ourselves
to the limiting case of very short ranged adhesive forces which we
will call the JKR-limit, because the JKR theory uses exactly the
same assumption. Application of the Boundary Element Method
for simulation of adhesive contacts in the JKR limit was made
possible in 2015 by means of a mesh-size dependent detachment
criterion proposed by Pohrt and Popov (Pohrt and Popov, 2015).
This numerical approach has been validated by comparison with
existing analytical solutions including axisymmetric contacts
(Popov et al., 2017), elliptic contacts (Li et al., 2018) and toroidal
contacts (Argatov et al., 2016). The method was applied to solve
a number of contact problems, such as brush-like structures (Li
and Popov, 2018a,b) and flat-ended indenters with complicated
face shapes (Popov et al., 2017). Recently this method was
developed further to include functionally graded material and
layered material (Li and Popov, 2017; Li et al., 2018). The present
paper closes the gap in the classes of systems considered so far
by considering adhesion of curved contacts with superimposed
roughness—the problem which in some sense can be considered
as the generic case of any real adhesive contact.
The structure of this paper is the following. In section
Adhesive Contact of One- and Two-Dimensional Wavy Surface
With Periodic Boundary Conditions we recapitulate the known
analytical results for adhesive contact between a wavy surface
(one- and two-dimensional waviness) and an elastic half space
and reproduce them by numerical simulation. In section
Adhesive Contact of a Sphere With a Two-Dimensional Wavy
Roughness the adhesive contact of a curved surface with
superimposed waviness is considered.We show that the character
of adhesion in this case is essentially governed by the Johnson
parameter. In section Adhesive Contact of a Parabolic Indenter
With a Random Roughness contacts of curved surfaces with
superimposed random roughness are investigated. It is noted
that the numerical simulation in sections Adhesive Contact of a
SphereWith a Two-Dimensional Wavy Roughness and Adhesive
Contact of a Parabolic Indenter With a Random Roughness are
carried out only for the pull-off (unloading). Section Conclusion
gives conclusions on the above cases.
ADHESIVE CONTACT OF ONE- AND
TWO-DIMENSIONAL WAVY SURFACE
WITH PERIODIC BOUNDARY CONDITIONS
One-Dimensional Waviness
Basic understanding of the role of roughness on adhesion
has been achieved by Johnson (Johnson, 1995). He considered
adhesion between a regular slightly wavy surface with amplitude
h and wavelength λ:
f (x) = h [1− cos (2πx/λ )] (1)
and an elastic half space with effective elastic modulus
E∗ = E/
(
1− ν2
)
, where E is elastic modulus and ν is Poisson’s
ratio. The relation between the mean pressure p and the contact
half-width a (within one wavelength λ ) in a dimensionless form
is given by
p/p∗1D = sin2ψa − α(tanψa)1/2 , (2)
where p∗1D = πE∗h/λ is the pressure needed for complete
contact in the corresponding non-adhesive problem and ψa =
πa/λ . The dimensionless parameter α is defined as
α =
(
2λγ
π2h2E∗
)1/2
, (3)
where γ is the work of adhesion per unit area. In the following,
we will refer to α as the “Johnson parameter.”
The relation is shown in Figure 1 for different values of
Johnson parameter α (solid lines). Numerically we simulated
the same contact using the Boundary Element Method with
periodic boundary conditions. Dependences of the normalized
average pressure on the normalized half-width of the contact are
representedwith symbols. The subplot shows a 3D representation
of a sample contact configuration. Numerical simulations were
carried out under controlled approach of surfaces. This allows us
to reach steady states which are not obtained in force-control.
The reason is that when the force is controlled and increased
from zero for α < 0.57, small values of πa/λ are not reached.
Instead, the first touch of the surfaces leads to a sudden jump
into the contact configuration corresponding to the intersection
of the corresponding curve and the axis p = 0. Further increase of
pressure leads to increase of the contact area until the maximum
of the force is achieved. At further approach, the system jumps
into complete contact. At the values of Johnson parameter
α > 0.57 the maximum of the force is negative; this means
that the system jumps into complete contact immediately at
first touch.
Two-Dimensional Waviness
In the paper by Johnson (1995) contacts with two-dimensional
waviness of the form
f
(
x, y
)
= h
[
1− cos (2πx/λ ) cos
(
2πy/λ
)]
(4)
were also briefly discussed. An analytical solution was given only
for the extreme case of large load (approaching the complete
contact) based on the asymptotic solution of non-adhesive
contact (Johnson et al., 1985) while the non-contact area was
assumed to be circular. This solution is also governed by the same
Johnson parameter α as given in equation (3):
p/p∗2D = 1− 4/3 · ψ2b − π/
(
2
√
2
)
α · (1/ψb )1/2 . (5)
Here p∗2D =
√
2πE∗h/λ is the pressure needed for achieving
complete contact in the non-adhesive problem and ψb = πb/λ.
Note that here b is the radius of the non-contact area.
Dependencies of the average pressure on the normalized
contact radius obtained by BEM are shown in Figure 2. The
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FIGURE 1 | Dependence of the mean pressure on the contact half-width in “one-dimensional” adhesive contact. Solid lines show analytical solution and symbols
present results of numerical simulation with BEM.
“contact radius” is formally defined as a∗ = √Acon/π . At the
full contact we have a∗ =
√
λ2/π or πa∗/λ = √π ≈
1.77, so the value of 1.77 in x-axis of Figure 2 indicates the
complete contact. The relation between load and contact radius
for different parameter α is presented in Figure 2A. More details
can be seen in Figure 2B, where the force-radius dependence and
the contact configurations are shown for the case of a moderate
value α = 0.4. As already pointed out by Johnson, adhesive
contact with a two dimensional waviness is similar to that of
one-dimensional waviness but has also some differences. One
can see that there are two contact stages during detachment:
From point A to C, adjacent contact areas are connected and
the shape of the non-contact region resembles a square with
rounded corners. The transition from point C to point D is not
continuous. Instead, the contact drops from the connected state
to the multi-area contact. The amplitude of the discontinuity
depends on the value of α . For very small values of α , the curve is
more connected (see Figure 2A at α = 0.1). In the opposite case
of α larger than a critical value of ∼0.57, a stable multi-contact
configuration cannot be reached during detachment. Instead the
contact is lost entirely. Please note that this value of 0.57 has
different interpretation from that in one-dimensional contact.
ADHESIVE CONTACT OF A SPHERE WITH
A TWO-DIMENSIONAL WAVY ROUGHNESS
Consider a parabolic shape with a superimposed waviness:
f
(
x, y
)
= x
2 + y2
2R
+ h
[
1− cos 2πx
λ
cos
2πy
λ
]
(6)
where R is the radius of curvature of the parabolic profile and
other parameters are the same as defined in section Adhesive
Contact of One- and Two-Dimensional Wavy Surface With
Periodic Boundary Conditions. An example of such a surface
is illustrated in Figure 3A. For a smooth sphere, the well-
known analytical solution (JKR theory) for the load-displacement
dependence is plotted in Figure 4A with solid line. Normal force
and displacement are normalized by the critical values
FJKR = −
3
2
πγR, (7)
dJKR = −
(
3π2γ 2R
64E∗2
)1/3
. (8)
Numerical simulation of the pull-off was again carried out using
the BEM under the displacement-controlled condition. In this
series of simulations we did not use periodic boundary conditions
but free boundaries like in Hertz-theory. Due to the macroscopic
curvature, a new dimensionless parameter λ/R appears in the
present problem.We begin our consideration with an illustration
of the influence of waviness on adhesion in the special case
λ/R = 0.05, with the amplitudes of waviness h/λ varying
from 0.2 to 1. The mesh size was chosen in such a way that
one period of waviness has at least 42×42 grid points. The
dependencies of the normal force on the displacement are shown
in Figure 4A. To compare the results with the JKR solution, we
focus on the adhesive force Fad defined as the greatest tensile
force corresponding to the minimum of the force-displacement
relation. The absolute values of this force for different amplitudes
of waviness are shown in Figure 4B. One can see that the
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FIGURE 2 | Dependence of the normalized average pressure on the normalized contact radius with two-dimensional waviness (A) for different parameters α; (B)
Details of the non-continuous evolution of the contact configuration for α = 0.4.
adhesive force first increases with the amplitude of waviness and
then drops to a very low value for amplitudes exceeding some
threshold value.
Figure 4C shows a series of typical contact configurations
during the pull-off for four increasing wave amplitudes,
corresponding to the curves b, d, e, f in Figure 4A. The last
picture always corresponds to the last stable configuration before
complete detachment. For small enough roughness amplitude, as
represented by the case b, the contact area represents basically
a complete circle with a rough border. The maximum adhesive
force is in this case larger than for the smooth sphere (JKR).
From Figure 4B it can be seen that maximum enhancement
is by the factor 1.7 for such situation. The case d is similar
to b, but here the contact area is not continuous: there are
some isolated points at the border around the rough circle.
With increasing the amplitude of waviness, this effect becomes
more pronounced, as exemplified with the case e: a circular
area at the center is surrounded by a ring of separated points
around the border. The pictures A and B in case e illustrate a
transition between a state having a compact center contact to
a cloud of point contacts. The two configurations are marked
in Figure 4A: one can see the jump in the force from A to B.
In case f, the contact always consists of unconnected points.
The adhesive force in such a configuration is very small and
further decreases when the amplitude of the waviness is increased
(Figure 4B). There is an intuitive explanation of the described
behavior. When the Johnson parameter for the chosen waviness
is much larger than the critical one, the macroscopic profile
can be considered as smooth. Only at the border there will
be some perturbation as in the case b. In the opposite case of
very small Johnson parameter, the contact occurs only at the
summits of the waviness. Our hypothesis is thus that the Johnson
parameter determines which one of the two scenarios will
be realized.
To prove this hypothesis, we replotted Figure 4B to show the
dependence of the adhesive force on the Johnson parameter. For
different values of the elastic modulus, surface energy, radius of
the sphere and the wave length, the adhesive detachment shows
a universal behavior: the maximum pull-off force expressed in
terms of the JKR value indeed depends strongly on the Johnson
parameter and only very weak on the normalized wavelength
λ/R. At the critical value of the Johnson parameter α ≈ 0.24,
the transition from the “compact area” to the “point cloud”
solution occurs and the adhesive force drops drastically. For
smaller Johnson parameter (α < 0.24), the adhesive force is very
small and approximately proportional to the Johnson parameter,
as shown in Figure 5B the encircled part corresponding to the
area in Figure 5A.
The dependence of adhesive force on the Johnson parameter
can be approximated as
Fad
FJKR
≈ 3(α) =
{
0.27
α2
· exp
(
− 0.14
α2
)
+ 1, for α > 0.24
0.65 · α − 0.025, for α < 0.24
(9)
The maximum tensile force during adhesive detachment of a
sphere with superposed regular waviness can thus be expressed as
Fad ≈ −
3
2
Rπγ3 (α) . (10)
ADHESIVE CONTACT OF A PARABOLIC
INDENTER WITH A RANDOM ROUGHNESS
In this section we consider the adhesion of a rough sphere. On the
one hand, it is widely accepted that roughness can significantly
reduce adhesion. In Fuller and Tabor (1975), this was shown for a
contact between a smooth sphere and a rough flat surface having
asperities with Gaussian height distribution. In some cases,
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FIGURE 3 | Illustration of a regularly (A) and randomly (B) rough sphere in contact with an elastic half-space.
FIGURE 4 | Adhesive contact of a rough sphere. (A) Load-displacement dependence for different amplitudes of waviness; (B) dependence of adhesive force on the
amplitude of the waviness; (C) four exemplary evolutions of the contact area during pull-off.
however, roughness can enhance adhesion. Early in 1977 the
experimental investigation of a smooth rubber against a Perspex
cylinder has shown that some small roughness can enhance the
adhesion but the opposite is true for larger roughness (Briggs and
Briscoe, 1977). The theoretical and numerical study of a sphere
covered with only one regular waviness also showed an increase
of adhesive force (Guduru, 2007; Wu, 2012). In Fuller (2011) it
was found experimentally that adhesion in the rolling contact
of a cylinder on an elastomer could substantially increase if the
surfaces were rough. This enhancement was only observed when
the elastomer was soft enough. The enhancement of adhesion
was associated with the bulk viscoelastic effects of materials.
Kesari et al. found that the surface roughness increases the
energy hysteresis in the adhesion experiment of depth-dependent
hysteresis using both AFM and nanoindentation apparatus and it
was stated that the hysteresis is contributed by several factors and
surface roughness could be an important one (Kesari et al., 2010).
Medina and Dini found a similar increase of the adhesive pull-off
force at low roughness for large values of Tabor parameter (=5)
in a numerical study. They used the Lennard-Jones potential for
calculating van der Waals forces between elements (Medina and
Dini, 2014). Recently an indentation test of spheres with micro-
force tester showed that the highest pull-off force was found not
on the smooth sample but that withmicro roughness (Pepelyshev
et al., 2018). It was argued that the increase of the contact area is
the main cause for the increase pull-off force. In our numerical
simulation, we also find the same behavior in the adhesive contact
of rough spheres.
Consider a parabolic profile with curvature radius R
superposed with a random roughness (Figure 3B). In the present
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FIGURE 5 | Dependence of adhesive force on the Johnson parameter (A) in a large range (B) for small Johnson parameter. Solid line shows the approximation
following equation (9).
FIGURE 6 | Force-distance curves for different roughnesses and Hurst exponents (A) H = 0.1; (B) H = 0.5; (C) H = 0.9.
paper, we use a roughness generator described in Pohrt and Li
(2014). It produces a randomly rough surface by using the back
Fourier transformation from a Fourier-density with a power-
law dependency of it absolute value on the absolute value
of the wave-vector, q, as well as vectors q0, q1 and the rms
roughness h. Theminimum andmaximum random phases, while
integration is performed between two “cut-off” wave vectors q0,
q1. The exponent of the power-law dependency,H, (ranging from
0 to 1), is sometimes called the “Hurst exponent.” The roughness
generated by the above mentioned procedure is unambiguously
determined by the exponent H, the cut-off wave wave vectors
which can be realized in a finite discrete system are given by
qmin = 2π/L and qmax = π/1x , where L is the length
of simulation area and 1x is the mesh size. In the simulation,
we assume L = R and put q0 = qmin and q1 = qmax. Note
that the roughness produced in the described way does not
necessarily represent real surfaces, which normally show strong
phase correlation (Borodich et al., 2016). However, we consider
the described generator as a way for producing well-defined
comparable rough topography. We avoid calling these surfaces
“fractal” but will further use forH the notation “Hurst exponent”
The pull-off was simulated for a number of increasing
amplitudes of roughness and for different Hurst exponents. A
few examples of force-distance curve are shown in Figure 6.
One can see that, similarly to the case in section Adhesive
Contact of a Sphere With a Two-Dimensional Wavy Roughness,
small roughness leads to an increase of the adhesive force.
Further increase of roughness reduces the force of adhesion.
This behavior can be observed more clearly in Figure 7A,
where the average values of pull-off force for 15 realizations of
rough surfaces are shown as well as the corresponding standard
deviations. The phenomenon of enhanced adhesion is observed
for small Hurst exponents from 0.1 to 0.5, but not always for
large Hurst exponent 0.7 and 0.9: the pull-off force for some
rough surfaces with H = 0.7 or 0.9 decreases with roughness. In
direct comparison it can be seen that surfaces with higher Hurst
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FIGURE 7 | Dependence of adhesive force on (A) roughness and (B) adhesion parameter α∗.
FIGURE 8 | Series of contact configurations during the pull-off process.
exponent have generally a wider range of roughness for which
the adhesive force is enhanced. Results presented in Figure 7A
suggest that there is no critical value of the Hurst exponent.
As we have seen in sections Adhesive Contact of One-
and Two-Dimensional Wavy Surface With Periodic Boundary
Conditions and Adhesive Contact of a Sphere With a Two-
Dimensional Wavy Roughness, the main governing parameter
for adhesion of wavy surfaces is the Johnson parameter. In
the case of randomly rough surfaces, this parameter cannot
be determined from the waviness because the roughness is
a superposition of a large number of waves with various
amplitudes. If any, a series of Johnson parameters for different
scales would have to be defined. If a single governing parameter
similar to the Johnson parameter does exist in this case, it
may depend on all material and geometric parameters of the
contact problem: elastic modulus E∗, surface energy γ , surface
roughness h, Hurst exponent H and cutoff wave vectors q0 and
q1. Based on the results presented in Figure 7A we suggest the
following definition for an “adhesion parameter” of this kind of
rough surfaces:
α∗ =
(
4γ q0.8H−11
πE∗h2q0.8H0
)1/2
. (11)
Note that if there is only one wave vector q0 = q1, equation (11)
reduces to the original Johnson parameter equation (3). When
the force of adhesion is plotted as function of α∗, all results
collapse to a single dependency shown in Figure 7B.
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Different from the case of regular waviness in section Adhesive
Contact of a Sphere With a Two-Dimensional Wavy Roughness,
the pull-off force here doesn’t drop dramatically at some critical
value apparently, so we give an analysis of the relation of pull-
off force and the adhesion parameter in this transition region.
It is found that the following Gaussian-type expression gives a
good approximation:
∣∣∣∣ FadFJKR
∣∣∣∣ ≈ 3∗ (α∗) = 1.023 · exp
(
− (α
∗ − 0.3619)2
0.11882
)
. (12)
It covers the range from very low force
∣∣Fad/FJKR ∣∣ ≈ 0 transiting
to the value
∣∣Fad/FJKR ∣∣ ≈ 1 for α∗ = 0.344. In the range for
larger α∗, enhanced adhesion is not always observed for large
Hurst exponents, so an analytical approximation is not given in
this study. Furthermore, there is not a clear critical value of α∗ as
in the case of regular waviness, therefore we give here only a value
of adhesion parameter α∗ = 0.26 for
∣∣Fad/FJKR ∣∣ ≈ 0.5.
Figure 8 presents details of contact configurations
corresponding to numerical results presented in Figure 6
and Figure 7. For each Hurst exponent, three values of h are
shown, related to their effect on the obtained adhesive force: In
the left column of Figure 8, the amplitude of roughness is small
and corresponds to the maximum of the adhesive force (see
Figure 7), the second column represents intermediate roughness
with
∣∣Fad/FJKR ∣∣ ≈ 0.8. In the third column, a large roughness
value is chosen with
∣∣Fad/FJKR ∣∣ < 0.1. If the roughness is small
enough, the contact area is almost compact. This is particularly
pronounced for large H and small h.
CONCLUSION
The adhesive detachment of curved surfaces with two-
dimensional waviness from an elastic half space was numerically
simulated using the boundary element method. We found
that waviness can both increase and decrease the adhesive
force compared to the smooth JKR solution. The deviation
from JKR behavior depends mainly on the unmodified
Johnson adhesion parameter α. At some critical value
a ≈ 0.24, a transition occurs from a compact contact
with rough boundary to a contact consisting of multiple
separated contact spots and the obtained tensile force is
reduced significantly.
In the case of added random roughness, the simulation was
carried out for different Hurst exponents and amplitudes of
roughness. In all cases we observed that the adhesive force
at small roughness amplitudes is increased. For roughness
amplitudes above some critical value, the adhesion is
decreased significantly. This observation is in agreement
with experiments, such as those conducted by Briggs and Briscoe
(1977). For the investigated class of randomly rough surfaces,
we identified an adhesive parameter determining the force
of adhesion.
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